Abstract -In compositional reservoir simulation, a set of non-linear partial differential equations must be solved. In this work, two numerical formulations are compared. The first formulation is based on an implicit pressure and explicit composition (IMPEC) procedure, and the second formulation uses an implicit pressure and implicit saturation (IMPSAT). The main goal of this work is to compare the formulations in terms of computational times for solving 2D and 3D compositional reservoir simulation case studies. In the comparison, both UDS (Upwind difference scheme) and third order TVD schemes were used. The computational results for the aforementioned formulations and the two interpolation functions are presented for several case studies involving homogeneous and heterogeneous reservoirs. Based on our comparison of IMPEC and IMPSAT formulations using several case studies presented in this work, the IMPSAT formulation was faster than the IMPEC formulation.
INTRODUCTION
Several formulations have been developed for solving the governing partial differential equations arising from modeling fluid flow for compositional simulations in porous media. In general, formulations can be classified as Implicit Pressure Explicit Composition (IMPEC), Implicit Pressure and Saturation (IMPSAT), or the Fully Implicit Method (FIM). Phase saturation is defined as a volume of phase per void space available for fluid flow. The IMPEC formulation has the lowest cost in terms of computational time per time-step. However, due to the higher degree of explicitness in the calculation of composition, this formulation cannot use large time-steps when compared to the FIM and IMPSAT approaches.
The IMPSAT method can handle larger time-steps, compared to the IMPEC approach. It is also less expensive in terms of computational time, per timestep, than the FIM approach. Additionally, the IMPSAT approach is more stable than the IMPEC formulation due to the reduction in the degree of explicitness. Also, according to Cao (2002) , it has good performance compared to other FIM approaches, since saturations are much more coupled than compositions. Therefore, although the saturation calculation involves solution of a linear system of equations for the IMPSAT formulation, the larger time-steps used by the formulation compensate the overall cost and render a CPU time reduction compared to IMPEC approaches.
In this work, an IMPSAT formulation proposed by Watts (1986) was implemented into the UTCOMP simulator. UTCOMP was developed at the Center for Petroleum and Geosystems Engineering at The University of Texas at Austin for the simulation of enhanced recovery processes. The UTCOMP simulator is a multiphase/multi-component compositional equation-of-state simulator, which can handle the simulation of several enhanced oil recovery processes. The original numerical procedure of the UTCOMP simulator is an IMPEC formulation based on Àcs et al. (1985) . Several procedures for solving pressure and saturation implicitly (IMPSAT) have been proposed in the literature (Branco and Rodrigues, 1996; Kendall et al., 1983; Spillette et al., 1973) . However, the IMPSAT approach proposed by Watts (1986) and adopted in this work has similar features to the original IMPEC formulation of the UTCOMP simulator. For instance, the IMPSAT formulation solves simple sets of linear systems for both pressure and saturations, while only one flash procedure is performed per time-step, thus allowing the calculations per time-step to be much faster than the other IMPSAT and IMPEC approaches that need iterations, thus performing flash and solving the conservation equations until convergence. The approaches that do not iterate in a time level are called one-iteration formulations; therefore, this work is based on a comparison of two one-iteration approaches: an IMPEC and an IMPSAT formulation. Although the IMPEC and IMPSAT formulations implemented and used in this work are not new, to the best of our knowledge this is the first time that these formulations are compared for three phase hydrocarbon flow simulations (oil, gas, and a second liquid hydrocarbon phase). The second liquid hydrocarbon phase is important for CO 2 injection processes, where the CO 2 and some light components tend to form a CO 2 -rich phase. Another important feature included in this work is the use of a high-resolution TVD scheme to approximate the fluxes for the Watts' formulation. Also, only few performance results are shown in the literature for this formulation. Some of these results can be found in Haukås (2006) . In this work, results are compared in terms of volumetric production rates, saturation fields, and CPU time. For most investigated cases, the formulation was able to use larger timesteps than the IMPEC formulation, achieving the same results.
PHYSICAL MODEL
The Watts' formulation is basically an adaptation of the method of Spillette et al. (1973) combined with the formulation of Ács et al. (1985) , where the volume error constraint is added to pressure and saturation equations in order to use just only one flash calculation per time-step. In this section, we show the molar balance equations, the pressure equation, and the new saturation equations that are included in the original formulation of Ács et al. (1985) .
If advection is the only transport mechanism involved, the molar balance equations according to Chang (1990) are given by
where N k is the moles of component k, V b is the bulk volume, x kj is the mole fraction of component k in phase j, ξ j is the molar density, respectively, q k is the molar rate of component k through the well, N c is the number of hydrocarbon components, N c +1 denotes the water component, k rj and µ j are the relative permeability and viscosity of phase j, respectively, K is the absolute permeability tensor, and Φ j is the hydraulic potential of phase j, which is defined by , j j c j r
where P is the pressure of the oil phase, ρ j is the mass density of phase j, g is the gravity, D is the depth, which is positive in the downward direction, and P crj is the capillary pressure between phases j and r. Fluid phase equilibrium between the hydrocarbon phases is considered (water is not considered in any flash calculation). This assumption considers that the chemical potential of all phases are the same. This can be expressed in terms of the equality of the fugacities (f) of the phases, which can be stated as follows:
Fugacity and PVT properties (molar density, compressibility factors, and volume derivatives) are evaluated in this work using the Peng-Robinson Equation of State (EOS) (Peng and Robinson, 1978) . The flash procedure used considers a fixed and known pressure, temperature, and global compositions (isothermal flash) in order to evaluate the phase compositions and fluid properties. Further details of this procedure can be found in Perschke (1988) . A volume-shift approach based on the work of Jhaveri and Youngren (1988) is also available for liquid density correction.
Two phase stability test algorithms are implemented in the UTCOMP simulator: the stationary point location method (Michelsen, 1982) and the Gibbs free energy minimization algorithm, which is similar to the Trangenstein (1987) method and was modified by Perschke (1988) to deal with three hydrocarbon phase equilibrium. In general, as commented by Perschke (1988) , the stationary method is faster than the Gibbs free energy method; therefore, the stationary method was used in this work. The flash calculation used in UTCOMP is a combination of the Accelerated Successive Substitution (ACSS) method (Mehra et al., 1983) with the modified version of the Gibbs free energy minimization method (Perschke, 1988) . At the beginning of the flash procedure, we use the ACSS method in order to provide a reasonable initial estimation, and then we switch to the Gibbs free energy minimization method in order to accelerate the convergence. The switching criterion to change from one method to another is given by Chang (1990) 
where, the superscript 2 denotes the oil phase. The switching criterion (ε swi ) equal to 0.01 as suggested by Chang (1990) is used. The pressure equation used for both formulations is based on the volume constraint proposed by Ács et al. (1985) . The pressure equation is obtained from the equality between the formation pore volume (V p ) and the total fluid volume (V t ):
where the pore volume is given by:
where φ o is the porosity at the reference pressure (P f ), and c f is the rock compressibility. Taking the derivative of Eq. (5) with respect to time, applying the chain rule to the right-hand side, substituting Eqs. (1) and (6), and dividing all by the bulk volume, we obtain
where N denotes derivative evaluated by holding the number of moles constant. The saturation equation is solved implicitly only for the IMPSAT formulation. The approach used here is described by Watts (1986) . By definition, the saturation of phase ℓ (S ℓ ), as stated before, is the ratio of the phase volume to the volume of the pore:
where V ℓ is the volume of phase ℓ, which is a function of pressure and number of moles. Equation (8) can be written as:
Taking the derivative of Eq. (9) with respect to time, applying the chain rule on the right-hand side and substituting Eq. (1) and dividing it by the bulk volume, we obtain:
Comparing Eqs. (7) and (10), we can observe that saturations and pressure equations have similar formats. As suggested by Watts (1986) and Spillette et al. (1973) , the phase velocity that is needed in Eq. (10) should be evaluated as a function of total velocity. According to these authors, if this approach is taken, the segregated solution of pressure and saturations will be equivalent to a fully implicit procedure in terms of pressure and saturations. Next, we present the expression for the total velocity using the idea given in Watts (1986) , but now considering a full permeability tensor. Extending the steps of Kaasschieter (1999) for a three-phase flow, or even four-phase flow, yields:
and,
where, t v is the total fluid velocity, λ m is the m-th phase mobility which is defined as a ratio of relative permeability and viscosity of the m-th phase, and f j is called the fractional flow, which is defined as above.
Substituting Eq. (11) into (10) 
.
Equation (15) is the final saturation equation in terms of total velocity. The next section is devoted to showing the numerical discretization applied to the above equation.
APPROXIMATE EQUATIONS
In order to obtain an approximate equation for the saturation of phase ℓ, we will integrate Eq. (15) 
where tk V is the total volume derivative with respect to total number of moles of component k, and
is a semi-implicit velocity at the east interface, which is given by: 
where, 2 .
x e
The semi-implicit velocity, at the other interfaces, is given by equations similar to Eq. (17). Newton's method is used to treat the non-linearities involved in Eqs. (16) and (17) on account of the implicit evaluation of the relative permeabilities and capillary pressures.
Performing a similar procedure for the saturation equation, we obtain the approximate mole balance equations, in terms of the semi-implicit velocity, as given below:
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The final form of the pressure equation is obtained (considering only the x direction for simplicity) as: ( )
Further details regarding the approximate equations for the pressure and moles can be obtained in Chang (1990) . Fig. 2 shows the flow chart of the procedure used in the UTCOMP simulator for the implementation of the Watts' formulation. As we can see in this figure, pressure is evaluated first; then, an iterative procedure is used to evaluate the saturations. The mobilities, the densities, and the mole fraction of each component in each phase at each gridblock interface are evaluated using a one-point upwind interpolation function. A total variation diminishing (TVD) method using the Koren's flux limiter (Koren, 1993; Liu et al., 1995; Fernandes et al., 2013) was also implemented for solving the saturation equations in the relative permeabilities and phase compositions. In this situation, as a non-linear term is included in the relative permeability due to the flux-limiter, it was treated semi-implicitly using the idea presented by Rubin and Blunt (1991) , in which the higher order terms are only considered in the independent term of the linear system. For the one-point upwind implementation, the mobilities are evaluated as:
Solving the problem using the one-iteration IMPEC approach is straightforward since only one set of linear equations (for pressure) needs to be solved and the total number of moles is computed semi-implicitly to conserve the moles. A flash calculation is performed to obtain phase compositions and phase mole fractions. Finally, the water and the hydrocarbon saturations, respectively, are evaluated as: 
and
where L is the phase mole fraction obtained in the flash in the absence of water. In this work, relative permeability is modelled by the Corey's model (Corey, 1986) and capillary pressure is modelled according to Chang (1990) as:
where C pc and E pc are user-input parameters, σ is the interfacial tension between the two phases and S denotes a normalized saturation. For both approaches used in this work, one needs to solve the same number of variables. All variables are listed in Table 1 . Also, Table 1 shows some functional relations for some of the variables used in this work. The phase appearance for the IMPEC and IMPSAT approaches developed in this work is treated only by the phase stability test, as described earlier. Also, the phase disappearance for the IMPEC approach is based on the phase stability test. However, for the IMPSAT approach, because phase saturation can be computed as zero or negative during the solution of Eq. (16), we have to couple the stability test with another approach. In this case, if the solution of Eq. (16) produces a negative saturation, we set that saturation to zero. When a negative saturation is calculated, it means that the phase disappears for that time-step. Setting saturation to zero is a common approach used for some fully implicit approaches; see Coats (1980) , for instance.
RESULTS AND DISCUSSION
In this section, we investigate the numerical solutions, as well as the performance in terms of CPU time of the Watts' formulation implemented in this work and the original IMPEC approach of the UTCOMP simulator. The comparison studies were carried out by empirically setting the maximum allowable time-step for various case studies, which did not produce oscillatory results for both investigated formulations.
The first case investigated is CO 2 injection in an isotropic heterogeneous reservoir. All reservoir data used for this case are shown in Table 2 . The water is not considered in flash calculations and is not injected in the reservoir for this case. The water mole numbers are estimated by density and initial saturation.
The components, the initial fluid compositions, and the injected fluid compositions are shown in Table 3 . The absolute permeability fields in the x and y directions are shown in Fig. 3 . In order to better visualize the variation of the permeability fields, Figs. 3b and 3c show two different zooms of the whole scale presented in Fig. 3a . We compare the results of the Watts' formulation with the original IMPEC formulation of the UT-COMP simulator. The results in terms of oil and gas production are presented in Figs. 4a and 4b , respectively. From Fig. 4 , we can observe a good agreement between the original IMPEC formulation and the Watts' formulation implemented. In this case, water saturation (volumetric fraction) is lower than the so-called connate saturation (0.25) and hence water cannot flow through the rock pores. Initially, only oil and a mixture of CO 2 and light hydrocarbons injected (gas) are present in the reservoir. As a result, CO 2 displaces oil first and forms a third non-aqueous phase. This phase is referred to as a second liquid phase (not considering the aqueous phase) (see Figure 5) . It is important to mention that this behavior is only possible by considering three-phase flash calculations. Also, the present case showed a slow convergence when we tried to run using a two-phase flash (only oil and gas). This reinforces the importance of considering the three-hydrocarbon flash calculations. The results for the second liquid front at 1844 days, obtained with the IMPEC and the Watts' formulation, are compared in Figs. 5. As can be seen in this figure, a good agreement at the two fronts is verified. As we can observe in Fig. 6 , the time-steps used by the Watts' formulation were larger than those of the IMPEC formulation for the entire simulation. Due to the computational time spent for the solution of the linear system equations for the saturations, the Watts' formulation is more expensive per time-step. However, the large time-steps used by the Watts' formulation allowed this formulation to be less expensive in terms of CPU time than the IMPEC formulation. This fact can be seen in Table 4 , which shows the total CPU time used by both formulations. From this table, we observe that Watts' formulation is about two times faster than the IMPEC formulation. We also check the formulations' performances by doubling the number of gridblocks in each direction. As we can see in Table 4 , the speed-up ratio of the Watts' formulation is improved when the number of gridblocks is doubled in each direction. Case 2 is similar to Case 1, but we replaced the upwind interpolation function by a third-order TVD interpolation function. Figs. 7a and 7b show the volumetric rate of oil and gas, respectively, and Fig. 8 presents the second liquid saturation front at 1844 days. Once again, the Watts' formulation results are in good agreement with the IMPEC formulation. Despite the large difference when comparing the production rates for TVD solution (Figure 7) with that of upwind solution (Figure 4) , the phase behavior obtained was similar for the two cases (the third phase does appear). The time-steps used in this case study for the IMPEC and the Watts' formulations are shown in Fig.  9 . Although the time-step pattern presented in Fig. 9 is different from the ones shown in Fig. 6 , using the upwind scheme, approximately the same speed-up ratio of the Watts' formulation compared to the IMPEC formulation for Case 1 was obtained as shown in Table 5 . Case 3 refers to a WAG (water-alternating gas) process in a heterogeneous reservoir. For this case study, in each cycle, we first inject CO 2 , and then water. Each fluid is injected at a fixed pressure over the course of ten days. The total simulation time is 280 days, which corresponds to fourteen cycles. Tables 6 and 7 present the reservoir data set and the initial and the injected fluid compositions, respectively, employed for this case study. Two hydrocarbon phases were considered in this case and water still is not accounted for in the flash calculations. The absolute permeability field in the x and y directions is shown in Figure 10 , while the permeability in the z direction is constant and equal to 7.89x10 -15 m 2 (8 mD). For this case study, the upwind scheme was used to obtain the solution for both formulations. Figures  11a and 11b present the oil and gas volumetric rates, respectively, and Fig. 12 shows the oil saturation front at 254 days using a 100x100x5 Cartesian grid. The time-steps used by both formulations are shown in Fig. 13 and the total CPU time and the speedup ratio are presented in Table 8 . From the figures, we can observe that the average time-step used by Watts' formulation is approximately three times larger than that used by the IMPEC approach. This average timestep results in a speed-up ratio of 1.7, as we can see in Table 8 . In general, at the beginning of each cycle, the time-step size is very close to the minimal time-step designed for the whole simulation. This approach should be in favor of the IMPEC formulation. The fourth case study is another WAG process, but now a homogeneous reservoir is tested. Capillary pressure is now included in order to check the algorithm performance when this physical phenomenon is relevant. Except for absolute permeabilities, all of the previous data presented in Tables 6 and 7 were used. The absolute permeabilities in the x and y-directions are set to 1.97x10 -13 m 2 , and the one in the z-direction is equal to 9.87x10 -14 m 2 . We use an 80x80x5 grid, and the process is simulated for 100 days. The oil and gas rates are presented in Figs. 14a and 14b , respectively. Once again, we can observe a good match between the results of the two approaches compared. The time-step comparison is shown in Fig. 15 . From this figure, we can verify that the maximum time-step employed by the Watts' formulation is about two times larger than the one used by the IMPEC approach. It is important to mention that the time-step ratio, aforementioned, is relevant for only the second and third cycles, as we can verify from The last case study refers to a 2D gas flood with twenty-five components. Only two-hydrocarbon phases and an immobile aqueous phase are considered. The purpose of this case is to see how Watts' approach will perform with a large number of components by looking at the impact of expensive flash calculations over the simulation performance. Tables 10 and 11 show the reservoir data and the initial and the injected fluid compositions, respectively. It is worthwhile to mention that all the components equal or higher than C 25+ have identical physical properties. The main goal here was to verify the performance of the compared approaches with a very large number of components. Figure 16 shows the oil and gas volumetric rates. From this figure, we can see a good match for oil and gas volumetric rates for both approaches. The time-steps used by both approaches are shown in Fig. 17 . From this figure, we can verify that Watts' formulation was able to handle this case study with several components using much large time-steps compared to the IMPEC formulation. This suggests that, for a large number of components, the Watts' formulation should be used instead of the IMPEC approach. However, when the number of gridblocks is increased, the speed-up ratio decreased to 1.93. Although the Watts' formulation performance decreased when the gridblocks are increased, this formulation is still about 2 times faster than the IMPEC approach.
CONCLUSIONS
In this work, we implemented the Watts' formulation for compositional reservoir simulation using Cartesian grids. This formulation was included into the UTCOMP simulator. Also, two interpolation functions for evaluating the physical properties at each interface of the control volume were implemented: UDS and a third-order TVD scheme. At least for the case studies investigated, the speed-up ratio of the Watts' formulation did not change when the TVD and UDS schemes were used. For most of the case studies tested, the Watts' formulation implemented in this work was around two times faster than the original IMPEC formulation of the UTCOMP simulator. We also verify, for some case studies, that the performance of Watts' formulation persists when the mesh is refined. It was also confirmed that the new implemented formulation is more efficient than the IMPEC for cases with a large number of components. 
